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I. INTRODUCTION 
 
This report describes some of the algorithms currently used in the small signal stability analysis and controller 
design of power system models. Focus are on numerically robust algorithms which are able to deal with large 
scale systems and exploit sparsity. The described algorithms allow the computation of eigenvalues and 
eigenvectors, transfer function zeros and residues, eigenvalues sensitivities, time and frequency response plots. 
Several partial eigensolution algorithms are described, including those for computing only the dominant pole 
spectrum of SISO and MIMO transfer functions. Reduced order models can therefore be readily computed. This 
appendix is restricted to the description of the numerical algorithms. Use of double-precision arithmetic is 
assumed essential to these computations. The practical use of these algorithms in the stability analysis and 
control design methods is described along the body of the technical report. Important modal informations like 
mode shapes and participation factors are assumed to be known and not described, for being simple applications 
of right and left eigenvectors. 
 
In addition to numerical linear algebra [18,9], linear system [1] and feedback control [2,3] are the key to power 
system small-signal stability analysis and control [4]. 
 
A modern package for the small-signal stability analysis of power systems should have a good part of the 
described algorithms [5,6,7]. A production grade software must have ease of data input, flexible user defined 
controller models capable of sensing any combination of local and remote system variables and good program 
output. Program efficiency may be slightly sacrificed in favor of the above facilities. 
 
Most of these methods have been implemented in PacDyn, CEPEL’s comprehensive software for small-signal 
stability analysis and control. You may obtain more information on these algorithms and their use in power 
system studies by visiting PacDyn’s homepage: www.pacdyn.cepel.br. 
 
II. SYSTEM MODELING 
 
The power system electromechanical stability problem can be represented by a set of differential equations 
together with a set of algebraic equations, to be solved simultaneously with each other [7]: 
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where x is the state vector and r is a vector of algebraic variables. 
 
Small-signal stability analysis involves the linearization of (1) around a system operating point  ( )x r0 0,
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The power system state matrix can be obtained by eliminating the vector of algebraic variables ∆r in equation 
(2): 
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The symbol A is used to represent the system state matrix, whose eigenvalues provide information on the 
singular point stability of the non-linear system. 
 
The symbol ∆ signifies an incremental change from a steady-state value and will often be omitted in the 
remaining part of this appendix. 
 
II.1 Conventional Algorithms 
 
For many years, programs have been developed to form explicitly the state space equations: 
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where u and y are a given pair of input and output variables. 
 
Full eigensolution of non-sparse matrix A (QR method) is normally restricted to systems of moderate size 
(about 800 states) due to the large memory and computation time requirements. Round-off errors in power 
system matrices of dimension over 1,000 also become significant, and a subset of eigenvalues in the QR 
eigensolution may be inaccurate. The state matrices in this application are fortunately not very ill-conditioned 
regarding eigensolutions. Figure 1 shows the state matrix topology map for the well known New England 
stability test system, showing it to be a dense matrix. The symbol “nz” in the caption of the figure stands for 
number of non-zero elements. 
 
The transfer function F(s) relating the input u and output y variables is obtained from the Laplace 
transformation of equation (4): 
 

( ) ( )F s st= − −c I A b1         (5) 
 
The frequency response analysis of dynamic systems can be performed by replacing the Laplace variable “s” by 
“jω “ in equation (5) and numerically calculating F(jω) for discrete values of “jω “ within the frequency range 
of interest. The use of equation (5) becomes prohibitive for large order systems due to excessive computational 
time and memory requirements. 
 
Transfer function residue calculation [14,19], eigenvalue sensitivity coefficients [20], time response to step 
disturbance and many other needed functions are all prohibitively expensive for large scale systems using the 
state space formulation. 
 
 
II.2 Algorithms for Large Scale Systems 
 
The concept that allows the methods of the previous section to be applied to large scale systems is the use of the 
augmented system equations [12,15], which is now described. 
 
The basic equation relating state matrix, eigenvalues and eigenvectors is: 
 
A u u= λ          (6) 
 
where λ is a system eigenvalue and u its associated eigenvector. 
 
This basic equation when expressed in terms of the Jacobian matrix shown in (2), becomes a generalized 
eigenvalue problem: 
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where (ωt | rt)t is the augmented right eigenvector of λ and is denoted by ωa. Similarly, the augmented left 
eigenvector can be defined as (  )and is denoted by va. 
 
The state space equations of (4) can in a similar way be expressed as: 
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where 
(ba)t = (b1

t | b2
t) = augmented input vector 

ca = augmented output vector 
xa = augmented state vector 
 
These equations are referred to, in the modern control literature, as the Descriptor System Equations [37]. 
 
The large advantage of equations (7) and (8) is that the system Jacobian matrix is highly sparse and allows the 
use of efficient sparsity-based algorithms. Unfortunately, use is generally not made of partial pivoting during 
the sparse LU factorization. Pivoting improves the numerical stability of the factorization process at the expense 
of loss of sparsity in the LU factors and large rise in computational cost. 
 
A good part of the algorithms for the solution of small-signal stability problems which make use of the 
augmented system equations concept are briefly described along the remaining part of this appendix. 
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Figure 1 - State Matrix for New England System 
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Figure 2 - Jacobian Matrix for New England System 

 

 
 

Figure 3 - LU Factors Topology Map for New England System Jacobian Matrix 
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Figure 4 - LU Factors Topology Map for New England System Jacobian Matrix When Using Partial Pivoting 
 
 
Figure 2 shows the Jacobian matrix topology for the New England system where the system variables are 
ordered in a different way to that shown in equation (2). In Figure 2 the equations for the dynamic components, 
either differential or algebraic, are assembled in JA. The matrix block JD contains the complex nodal admittance 
matrix equations, expanded into its real and imaginary components. The nodal admittance matrix equations are 
ordered by the Tinney-2 scheme, for minimum fill-in during factorization. The reader should refer to [12] for 
further details. 
 
The Jacobian matrix shown in Figure 2 is real, unsymmetric and very sparse. Figure 3 pictures the triangular 
factors topology map for the Jacobian matrix of this system, which are also highly sparse. The LU factors were 
produced without the use of partial pivoting. Figure 4 shows the topology map for the LU factors obtained 
when using partial pivoting, which have a larger number of fill-ins. The reader should note that the New 
England system is of a too modest size to show the dramatic computational benefits gained with the use of 
sparsity techniques and the augmented system equations. 
 
III. INVERSE ITERATION 
 
The basic inverse iteration algorithm [8] with a complex shift ‘q’ can be described by: 
 
(i) Solve for wk+1: 
 

( )A I w z− +q k 1 = k         (9) 
 
(ii) Compute the vector zk+1 for the next iteration: 
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then increment the iteration counter (k = k+1) and return to (i). Convergence occurs when the change in z at any 
iteration is less than some specified tolerance. In this algorithm the subscript ‘k’ is the iteration number, ‘I’ is 
the identity matrix, ‘q’ the approximation of the desired eigenvalue ‘λi’ and max(wk+1) is the element of largest 
magnitude in this vector. The vector zk has arbitrary initial value, and corresponds to the desired right 
eigenvector at convergence. After convergence, the factor 1/(λi - q) will be dominant in the element max(wk+1) 
and the correct eigenvalue λi is given by: 
 

λi
k

q= +
+

1

1max( )w
        (11) 

 
The rate of convergence of the inverse iteration algorithm depends on the ratio of the factor (λi - q) to the next 
larger factor (λj - q) [18]. Provided a good eigenvalue estimate ‘q’ is given this method converges in 2 or 3 
iterations. A variation of this method, which is more suitable when the given eigenvalue estimate is not good, 
involves refactorizing the matrix (A-qI) at every iteration, using as the new estimate ‘q’ a corrected value 
obtained from the Rayleigh quotient (refer to the next section). 
 
The application of the inverse iteration method in the form described in equations (9) and (10) is impractical for 
large power systems since the state matrix A is not sparse. Equation (9) may however be written in implicit 
form [19] by defining an extra vector rk+1: 
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where rk+1 is not of direct interest in the solution and 0 is a null vector. 
 
IV. RAYLEIGH QUOTIENT ITERATION 
 
The Symmetric Matrix Case [9,10] 
 
Given a symmetric matrix A and a vector x, the Rayleigh quotient of x is: 
 

r
t
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x Ax
x x

=          (13) 

 
Given an initial vector zk, the Rayleigh quotient iteration algorithm is as follows: 
 
(i)  Compute the Rayleigh Quotient r(zk) 
(ii)  Solve ( A - r(zk)I )wk+1 = zk for wk+1 
(iii)   Compute zk+1 for the next iteration zk+1 = wk+1 / ||wk+1||2 
(iv)  Increment the iteration counter k = k+1 and return to (i) 
 
The convergence process is ultimately cubic. 
 
The Unsymmetric Matrix Case [11] 
 
The Rayleigh quotient iteration algorithm for unsymmetric matrices involve the solution of approximate left 
eigenvectors and right eigenvectors at each iteration. 
 
Given initial vectors zk and pk, the unsymmetric Rayleigh quotient iteration is as follows: 
 

(i)  Compute the Rayleigh Quotient r
t

(z ,  p ) =
p z
p zk k
k k

k
t

k

A
 

(ii)  Solve ( A - r(zk, pk)I )wk+1 = zk for wk+1 
(iii)   Solve ( A - r(zk, pk)I )t qk+1 = pk for qk+1 
(iv)  Compute zk+1 and pk+1 for the next iteration zk+1 = wk+1 / ||wk+1||2 and pk+1 = qk+1 / ||qk+1||2 
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(v)  Increment the iteration counter k = k+1 and return to (i) 
 
The convergence process is again ultimately cubic. The Rayleigh quotient, at convergence, corresponds to a 
matrix eigenvalue while zk and pk correspond to the associated right and left eigenvectors. 
 
V. FREQUENCY RESPONSE CALCULATIONS 
 
The transfer function F(s), expressed in equation (5) in terms of the state-space formulation, is given below in 
terms of the Descriptor System Equations [8]: 
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The values of F(s) are not computed through the explicit inversion of the above matrix. Use is made of sparse 
factorization and solution as indicated below. For discrete values of s = jω, within the frequency range of 
interest, solve for: 
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Normally, generator terminal voltage magnitude and active power are among the output variables of interest. 
The linearized expressions for these variables in the frequency domain are similar to those in the time domain, 
and are given by: 
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( ) ( ) ( ) ( ) ( )P j V I j V I j I V j I V jt r r m m r r m mω ω ω ω= + + +0 0 0 0∆ ∆ ∆ ∆ ω    (17) 

 
where the subscript o denotes a steady-state value for the variable, while r and m stand for real and imaginary 
components. 
 
Expressions of the type shown in (16) and (17) define the augmented output vector [c1

t | c2
t]t which is highly 

sparse and obviate the need to calculate the system output vector c, associated with the state space description, 
which may be non-sparse. 
 
VI. TRANSFER FUNCTION RESIDUES 
 
The transfer function F(s) shown in (5) can be expressed as [12,13]: 
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where n is the dimension of A and Ri is the residue of F(s) associated with the eigenvalue λi. The residue Ri can 
be expressed as the product of a mode observability factor (ci) by a mode controllability factor (bi). These two 
factors can be easily calculated from the knowledge of both right and left augmented eigenvectors and the 
augmented input and output vectors as described in [13] and repeated below: 
 
Ri = bi . ci 
 
where bi = (wa)t . ba 
 ci = (ua)t . ca 
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Left (ωa) and right (ua) augmented eigenvectors are obtained through use of Rayleigh Quotient Iteration or any 
other partial eigensolution method. 
 
Once the desired right and left eigenvectors are calculated, the residues for thousands of different transfer 
functions can be efficiently obtained by computing their scalar products with the highly sparse augmented 
input/output vectors. 
 
VII. EIGENVALUE SENSITIVITY COEFFICIENTS 
 
The eigenvalue sensitivity coefficients can be calculated, when using matrix A, through the formula [14]: 
 

∂λ
∂α

∂
∂α=

v A u
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where u and v are the right and left eigenvectors associated with λ and α is a system parameter. 
 
A general formula for eigenvalue sensitivity coefficients applied to the generalized eigenvalue problem was 
described in [15]. For the augmented system equations shown in (8) some simplification applies, yielding: 
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where J is the Jacobian matrix shown in (7). 
 
Useful information can be obtained through eigenvalue sensitivity analysis when α is chosen to be a network 
impedance, a dynamic component or controller parameter, etc. Sensitivity with respect to system voltages and 
generation or load changes is more intricate, but can also be done. 
 
Eigenvalue sensitivity to controller parameter changes can be efficiently computed through the product of 
system transfer function residues (refer to the previous section) by simple partial derivatives of the controller 
transfer function. A detailed description and use of this method can be found in [25,26]. 
 
VIII. TIME RESPONSE OF THE LINEARIZED SYSTEM 
 
Consider the linearized system state space equations shown in equation (4). A step disturbance is to be applied 
to the input variable u and the dynamic response of the system monitored through the variables in x and y. 
Adopting the implicit trapezoidal algorithm for the numerical integration of the system equations one obtains 
[7]: 
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where h is the time step of integration, I the identity matrix and xi and xi+1 are values at time steps ti and ti+1 = ti 
+ h. By referring to equations (4) and (8) it can be seen that equation (21) is equivalent to: 
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The algorithm in (22) is efficient when implemented with sparsity coding. Vector ct of equation (4) is not 
needed since the output variable y can be obtained from simple expressions in terms of the variables contained 
in the solution vectors xi+1 and ri+1. 
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IX. TRANSFER FUNCTION ZEROS 
 
The zeros of the transfer function of equation (5) can be obtained by solving the generalized eigenvalue 
problem [16]: 
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A standard library QZ eigensolution routine [17,18] can be used to obtain the complete set of transfer function 
zeros, as long as the system is of moderate size. 
 
Subspace Iteration methods can be used to efficiently calculate several zeros at a time of large power system 
dynamic models. These methods must be applied to the augmented generalized eigenvalue problem, which is 
sparse: 
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X. EFFICIENT STATE MATRIX FORMATION 
 
The state matrix A of equation (4) can be directly obtained by performing sparse Gaussian elimination to the 
Jacobian matrix of (2) [8]. This method is however not efficient for large scale systems due to the inevitable 
excessive fill-in, since A is non-sparse in this application (please refer to Figure 1). 
 
An efficient method for obtaining A directly from the augmented system equations [7] is now described. The 
large and non-sparse matrix A is here formed by calculating one of its columns at a time. Let ei be a singleton, 
i.e., a vector with a real unity value at the i-th position and zeros elsewhere. The product A ei yields the i-th 
column of the state matrix A. This elementary matrix/vector product constitutes the basis of this algorithm that 
fully exploits the sparsity of the Jacobian matrix. 
 
Two steps need be performed to obtain ai, the i-th column of the state matrix: 
 
1) Solve for vector ri  
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2) Perform the product below to obtain ai  
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Note that only one real matrix factorization is needed to obtain all columns of the state matrix A. 
 
The practical implementations of the algorithms described in the remaining part of this appendix operate 
directly on the sparse non-reduced Jacobian, also known as augmented system equations or Descriptor System 
Equations. However, for the sake of clarity and brevity, they will be all described as operating directly on the 
state matrix A. 
 
XI. AESOPS 
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The AESOPS algorithm [5,19] is a quasi-Newton one-at-a-time eigenvalue method designed to compute the 
electromechanical modes of oscillation for large power systems. The AESOPS algorithm is derived from the 
linearized equation of motion of a chosen generator, to which a complex frequency disturbance in the 
mechanical torque is applied. At every iteration, a corrected value for this complex frequency disturbance is 
applied until the system becomes resonant. This iterative process is almost always convergent and the 
converged complex frequency value corresponds to an electromechanical eigenvalue which is dominant at the 
disturbed generator. 
 
In this section it is assumed that the AESOPS formulation and its notation [19,20] are familiar to the reader. The 
algorithm steps are: 
 
(i)  Solve for X(zk), given an initial estimate of zk: 
 
(zkI - A).X(zk) = b.Tx(zk)        (27) 
 
(ii) Compute the eigenvalue estimate (α + jβ)k at iteration k: 
 
(α + jβ)k = zk - ½(U + jV)k (β1 + jβ0)      (28) 
 
(iii) Define the complex frequency zk+1 of the mechanical torque input Tx for the next iteration: 
 
zk+1 = (α + jβ)k         (29) 
 
and return to (i). Convergence occurs when the difference between two successive eigenvalue estimates is 
below a specified tolerance. At convergence, the vector X(zk) is equal to the eigenvector associated with the 
system eigenvalue zk. 
 
The following definitions are necessary regarding the above algorithm: 
 
Tx(zk)  = external torque phasor applied at a specified generator, at iteration k, which yields a rotor 

speed phasor ω(zk) = (1 + j0.0) at this generator. 

2
1

H zi i
k

i

n

ω ( )
=
∑ = momentum function involving all generator inertia constants and the absolute values of the 

rotor speed phasors. 

(U + jV)k = Tx(zk) / ( 2
1

H zi i
k

i

n

ω ( )
=
∑ ) 

(β1 + jβ0) = acceleration factor 
 
The rotor speed phasors ωi(zk) for all generators are a subset of X(zk). The calculation of these rotor speed 
phasors is the only large computational task required by the AESOPS algorithm. 

XII. THE DOMINANT POLE ALGORITHM 
 
This algorithm efficiently computes the dominant poles of any specified high order transfer function [20]. It is 
completely general and, therefore, not restricted to power system applications. The method is closely related to 
unsymmetric Rayleigh Quotient Iterations (see Section IV) and has the numerical properties of global and 
ultimately quadratic convergence. 
 
A scalar transfer function G(s) is equal to its transpose: 

 ( )
( )
( ) ( ) ( )G s

y s
u s

s s t= = − = −−c I A b b I A ct t1 −      (30) 

where A is a state matrix of order n, s is the Laplace variable, b is the input column vector, ct is the output row 
vector, u is the input variable, y is the output variable and the superscript -t denotes the inverse transpose of a 
matrix. 
 
Equation (30) can be expressed in matrix form: 
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where x(s) and v(s) are the Laplace transforms of the state vectors for A and At. 
 
A pole of a transfer function may be defined as λ ∈ C such that G(λ) → ∞. As s approaches λ, the input u(s) 
tends to zero for any finite value of y(s) and the vectors x(s) and v(s) in equation (31) converge to the right and 
left eigenvectors q and p. This reasoning led to the development of the algorithm described below: 
 

Dominant Pole Algorithm 

1. Given a single-input-single-output transfer function , provide an initial eigenvalue ( ) ( )G s s= − −c I A bt 1

estimate sk and specify the value for the output at all iterations as unity (y(sk) = 1), k being the iteration 
counter. 

2. Solve   
s s

u s
k k

k

I A b
c

x 0
t
− −⎡

⎣
⎢

⎤

⎦
⎥

⎡

⎣
⎢

⎤

⎦
⎥

⎡

⎣
⎢

⎤

⎦
⎥0

  =  
1

( )
( )

3. Solve  using the transpose of the LDU factors calculated at step 2. s s
u s

k
t k

k

I A c
b

v
t

− −⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

⎡

⎣
⎢

⎤

⎦
⎥

⎡

⎣
⎢

⎤

⎦
⎥

0
  =  

1
( )
( )

0

4. Compute the new eigenvalue estimate: s s
u s

s s
k k

k
t

k k
+ = +

⋅
1

( )

( ) ( )v x
 

This expression shows that sk+1 converges to the eigenvalue λ as the input u(sk) approaches zero. 

5. If change in eigenvalue estimate (∆s = sk+1 - sk) is greater than convergence tolerance increase the iteration 
counter (k = k+1) and return to step 2. Otherwise the algorithm has converged to an eigenvalue which is a 
dominant pole in G(s), and to its left and right eigenvectors. 

 
The estimate sk+1, described in step 4, stems from the Rayleigh quotient shift for non-symmetric matrices [11] 
 

  s
s

s s
k

t
k

t
k k

+ =
⋅ ⋅

⋅
1

v A x

v x

( ) ( )

( ) ( )

sk       (32) 

 
combined with the two expressions below which are taken from the matrix equations in steps 2 and 3. 
 

  ( ) ( ) ( )A x b x⋅ = ⋅ + ⋅s u s sk k k  sk     (33) 

      (34) ( ) ( )v b b vt
k

t
ks s⋅ = ⋅ =    1

 
The proposed algorithm has global and ultimately quadratic convergence of sk to any of the transfer function 
dominant poles. It never converges to a system eigenvalue which is not observable nor controllable for the 
transfer function under analysis, even when the initial complex shift is made exactly equal to this eigenvalue. 
Note, from step 2, that ( ) ( ) ( ) ( )− − ⋅ = ⋅ =

−
c I A bt

k k k k . Therefore, if sk is made equal to transfer function 
zero, G(sk) will be zero and the input u(sk) will assume an infinite value. The expression in step 4, shows that 
sk+1 will be catapulted away to infinity when sk is made exactly equal to a transfer function zero. 

s u s G s u s
1

1

 
A practical algorithm implementation requires defining a maximum allowed change in the eigenvalue estimate 
between iterations (step length control), to ensure convergence to the dominant poles which are closest to the 
given initial estimate (s0). 
 
XIII. DOMINANT TRANSFER FUNCTION ZEROS (to be published) 
 
XIV. DOMINANT POLES FOR MIMO TRANSFER FUNCTIONS (to be published) 
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XV. SIMULTANEOUS ITERATION ALGORITHM 
 
Lop-sided simultaneous iteration [21,22,23,24,25], is a method to determine an invariant subspace U ∈ Cnxm of 
the unsymmetric n x n matrix A from an initial set of m trial vectors, m < n. This method can efficiently 
calculate the dominant eigenvalues/eigenvectors of A. In the small-signal stability area, the least damped or 
unstable eigenvalues are of interest and can be made dominant (with large moduli) through the spectral 
transformation (A-qI)-1, where q is a complex shift and I the identity matrix. This method is well described in 
[21,22,23] and briefly presented  here. 
 
The Lop-sided SI algorithm of this paper is shown in Figure 5, utilizing the nomenclature established in 
references [21,22,23]. According to [24,25], one may refer to this technique as Implicit Inverse Lop-sided 
Simultaneous Iteration (IILSI). The IILSI algorithm can be viewed as a combination of the simultaneous 
iteration method and the implicit inverse iteration method. This technique will compute the m eigenvalues of A 
which are closest to the complex shift q and the associated right eigenvectors. Matrix (A-qI)-1 described in task 
3 of Figure 1 is never explicitly formed. Matrix V(k), of task 3, is formed by columns generated from repeat 
solutions on the LU factors obtained in task 2. 
 
The various steps of the IILSI algorithm are numbered 1 to 10 in Figure 5. A description of these steps is given 
below: 
 
1)  Initialize m linearly independent vectors ui

k (k = 1, i = 1, m), which form the columns of matrix U; 
2)  Obtain the sparse LU factors of (A-qI); 
3)  Solve for each column vi

k of Vk, given the sparse LU factors and the columns vi
k of Vk; 

4)  Compute Gk, given matrix Uk; 
5)  Compute Hk, given the Uk and Vk matrices; 
6)  Solve Gk Bk = Hk for Bk; 
7)  Perform complete eigensolution on Bk, by the QR method. Denote the eigenvalues by {λ1

k, ..., λm
k} and 

corresponding right eigenvectors by {p1
k, ..., pm

k}; 
8)  Compute Wk, given the Vk and Pk matrices; 
9)  Obtain matrix Uk+1, for use at the next iteration, by normalizing every column of Wk+1; 
10)  Convergence Test. If not converged, increment iteration counter and return to step 3. 
 
Practical SI algorithms incorporate several techniques to improve their efficiency and convergence: use of guard 
vectors, fast iteration cycles (omission of the reorientation process) and locking device (locking vectors) 
[25,26,27,28]. These techniques are all included in practical algorithms but are omitted from the flow diagram 
in Figure 1 for the sake of clarity. 
 
The convergence test adopted here checks eigenvector tolerances between successive iterations. 
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LU Factorization of
Matrix (A-qI)

10

9

8

7

6

5

4

3

2

1

Tasks

Initialize U(k)

|ui
(k+1) - ui

(k)| < ∈
i = 1, m

k = iteration number
m = number of trial vectors

STOP

k = k + 1

W(k) = V(k) P(k)

Eigensolution of B(k)

B(k) P(k) = P(k) ΛB
(k)

G(k) B(k) = H(k)

H(k) = [U(k)]H V(k)

G(k) = [U(k)]H U(k)

V(k) = (A-qI)-1U(k)

i = 1, m

|| wi
(k) ||∞

wi
(k)

ui
(k+1) =

 
 

Figure 5 - Lop-sided SI Algorithm 
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XVI. MODIFIED ARNOLDI [25] (to be written) 
 
XVII. REFACTORED BI-ITERATION (RBI) ALGORITHM 

 
Refactored Bi-Iteration is a new numerical method for the partial eigensolution of large unsymmetric matrices. 
The method employs multiple moving shifts and converges to as many eigenvalues as the number of trial 
vectors utilized, in a reduced number of iterations. The method can be seen as a multi-vector (subspace) 
generalization of the single-vector Rayleigh Quotient iteration for unsymmetric matrices. 
 
The RBI algorithm [29] is presented in the flow chart of Figure 6. The Lop Sided Simultaneous Iteration (LSSI) 
algorithm was described in a previous section with a similar flow chart. The symbols adopted to describe the 
RBI algorithm are the same as those utilized in [22,23,24,25]. A reader who is familiarized with the LSSI 
algorithm, commonly used in power system eigenanalysis [22,23,24,25,26,27,28], is expected to readily 
understand the concepts of the RBI algorithm. 
 
The following comments apply regarding the flow chart of Figure 6: 
 
• A is the large, sparse (n x n) matrix whose eigenvalues need be obtained; 
• Symbols k and m denote the iteration counter and the number of trial vectors utilized, respectively; 

• Matrices , , U ( )k V( )k U( )k and V
( )k  have dimensions ’n x m’, being composed of vectors ui

k( ) , vi
k( ) , 

ui
k( ) and vi

k( ) , i = 1,...,m; 

• Matrices G{k}, H{k} and B{k} have order ‘m’, m << n; 

• The elements in U  and ( )o U
( )o

are computed by a random number generator and they need not be bi-
orthogonal; 

• The initial shifts λA
(o), i = 1,...,m are provided by the user, according to the phenomenon under analysis; 

• Although not explicitly indicated in the flow chart, use is made of Fast Iteration Cycles [22,23,24,25]. Three 
to five cycles per iteration are the recommended values; 

• The symbols λB
(k), i = 1,...,m denote the eigenvalues of the interaction matrix B{k}. This matrix ultimately 

becomes completely diagonal with all elements having magnitudes larger than ∈-1, where ∈ is the 
convergence tolerance. The tolerance used to obtain the results of this paper was ∈ = 10-10; 

• The formula utilized for updating the shifts λA
(k), is only approximate when away from the solution but exact 

in its neighborhood. Each one of these shifts ultimately converges to a different eigenvalue of matrix A; 
• The convergence test consists in verifying whether the Euclidean norm of the mismatch vector 

(      A x xi i i− )λ  is below some small tolerance. 
 
Note: The practical implementation of this algorithm to the power system stability model operates on the sparse 
non-reduced Jacobian [22,23,24,25,26,27,28], but for the sake of clarity it is here described as operating directly 
on the state matrix A. 
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do i = 1, m

Solve for vi
(k) and vi

(k):
(A - λAi

(k)I) vi
(k) = ui

(k)

(A - λAi
(k)I)T vi

(k) = ui
(k)

( ) ( ) ( )G V Vk
mxm

k
T

k=

( ) ( ) ( )H V AVk
mxm

k
T

k=

( ) ( )( ) ( )B G Hk
mxm

k k=
−1

QR Eigensolution of ( )B k

( ) ( ) ( ) ( )B P Pk k k k= Λ

k k= +1

Convergence Test ( )
( )( ) ( )

( ) ( )
tol

s

sk
i k

i
k

i

k
i

k
i

=
−A I u

u

Shift update  λAi
(k+1) = λBi

(k), i = 1,m

Let k = 1
Initialize U(k), U(k) and shifts λAi

(k), i = 1,m

STOP
 

 
Figure 6 - Refactored Bi-Iteration Algorithm 
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XVIII. THE DOMINANT POLE SPECTRUM EIGENSOLVER 
 

The DPSE [30] was developed from the combination of two recent algorithms: 

1. The Refactored Bi-Iteration (RBI) [29], a subspace iteration method derived from the Bi-Iteration algorithm 
[21,22,23], but employing multiple moving-shifts; 

2. The Dominant Pole Algorithm [20], a one-eigenvalue-at-a-time method which computes the dominant 
closed-loop poles in the transfer function F(s). 

The DPSE is presented in the flow chart of Figure 7. The RBI algorithm was described in a previous section 
with a similar flow chart. The DPSE is a subspace iteration method, which operates on both left and right 
subspaces to produce better estimates for the dominant poles of F(s). The scalar transfer function 

 need be expressed in matrix form as described in both Figure 7 and reference [20]. 
The term ‘d’, called the direct transmission element [1,2], is readily considered by the DPSE but it is here 
assumed to be zero for simplicity. 

F(s sT) ( )= ⋅ − ⋅ +−c I A b1 d

 

The following comments together with the flow chart in Figure 7 help explain the DPSE: 

• A is the (n x n) state matrix whose selected set of eigenvalues need be obtained. Vectors b and c are the 
input and output vectors of transfer function F(s). Symbols I and 0 denote the identity matrix and the (n x 1) 
null vector, respectively. 

• Symbols k and m denote the iteration counter and the total number of moving-shifts  utilized, 
respectively. A matrix or vector transposed has an upperscript T. 

si
k( )

• A single LDU factorization is required to solve for both right and left eigenvector estimates x  and 

. 

( ( )si
k )

=

) )

)

v( )( )si
k

• The matrix factorizations and vector solutions comprise the power method stage of the subspace iteration. 

• Every vector solution is implicitly scaled [20] such that . c x b vT
i

k T
i

ks s⋅ = − ⋅( ) ( )( ) ( ) 1

• Matrices  and  have dimensions ‘n x m’, being composed of the left and right eigenvector 
estimates  and , i = 1, ..., m. Matrices ,  and  have order ‘m’, m << n. These 
matrices are needed in the reorthogonalization stage of the subspace iteration. 

V( )k X( )k

v( ( )si
k x( ( )si

k G( )k H( )k B( )k

• As a result of a full reorthogonalization process, carried out at every iteration, the DPSE does not produce 
repeated eigensolutions. 

• The initial shifts , i = 1, ..., m are user-specified, and should preferably have values compatible with the 

physical phenomenon under analysis. The moving-shifts , i = 1, ..., m (k ≥ 2) are recomputed at every 
iteration and converge to those eigenvalues of A belonging to the dominant pole spectrum of F(s). 

si
( )1

si
k( )

• The DPSE does not update the trial vectors, but only the moving-shifts. The method converges to as many 
dominant poles in F(s) as the number of initial shifts provided. 

• Mathematically speaking there can be no guarantee that all dominant poles in a high-order F(s) will be found 
by DPSE when using a limited number of moving-shifts (m << n). Frequency and step response tests can be 
used to check whether all relevant poles have been found (see figures 10, 11, 12, 13 of [30]). 

• The convergence test consists in verifying whether the Euclidean norm of the mismatch vector 
(      A x xi i i− λ  is below some small tolerance. Convergence is usually faster for poles having large 
transfer function residues. Although not indicated in the flow chart of Figure 7, the integer ‘m’ is 
decremented by one every time a dominant pole is accurately obtained. This means that the number of 
moving-shifts is reduced as more dominant poles become known. 

 
The reader should refer to [30] for more details on this method. 
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Do i = 1, m
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, i = 1, ...,m

 

Figure 7 - The Dominant Pole Spectrum Eigensolver. 
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XIX The MIMO Transfer Function Dominant Pole (MDP) Algorithm and its use in 
model order reduction 
 
This section describes a numerical linear algebra algorithm to compute the dominant poles of Multi-Input-
Multi-Output (MIMO) high-order transfer functions. The results presented are related to the study of 
electromechanical oscillations in large electrical power systems, but the algorithm is completely general. The 
proposed algorithm allows obtaining reduced-order models for MIMO transfer functions of large linear systems. 
 
The model-based, one-eigenvalue-at-a-time algorithm described in this section determines the dominant poles 
of an m x m transfer function matrix G(s), and will be referred to by the following name and acronym: the 
MIMO Transfer Function Dominant Pole (MDP) algorithm. Once the dominant poles of the high-order G(s) are 
known, the associated transfer function residue matrices can be readily computed. This paper also describes the 
use of this pole-residue information to build low-order approximations of MIMO transfer functions. 
 
The results of this section show the effectiveness of the MDP algorithm in determining the dominant poles of a 
8 x 8 transfer function matrix of a large power system model (1,676 state variables). Results on some of the 
reduced-order models obtained for this 8 x 8 transfer function are included. 
 
All current eigensolution algorithms for large, practical power system problems operate on the sparse, 
unreduced Jacobian [8], [5], [35], [20], [30] (descriptor system formulation), but for the sake of brevity the 
MDP algorithm is here described as directly operating on the well-known state-space model. The symbols 
utilized are defined as used. The terms MIMO and multivariable are used interchangeably. The same applies to 
the terms poles and eigenvalues. 
 
The eigensolution method described in this paper only converges to those eigenvalues of A that are the 
dominant poles of the multivariable transfer function G(s). Reduced-order models of multivariable transfer 
functions of large system models may therefore be obtained without resorting to the computationally expensive 
singular value decomposition. 
 
The model reduction method utilized in this paper only requires the knowledge of the dominant poles of G(s). 
 
XIX.1 The MDP Algorithm 
 
The m x m transfer function G(s) may be expressed in terms of the system state-space matrices: 

DBAICG +⋅−⋅= −1)  ()( ss                    (1) 

A ( n x n ) is the system state matrix; B ( n x m ) and C ( m x n ) are the input and output matrices. Symbol I 
denotes the n x n identity matrix. A vector or matrix transpose has a superscript T. Matrix D is the direct 
transmission matrix [1], which can be readily considered by the MDP algorithm but it is here assumed to be 
zero for simplicity. 
 
The proposed MDP algorithm is a one-eigenvalue-at-a-time algorithm that computes the dominant poles of a 
square transfer function matrix G(s). It represents a significant, though natural, extension of the Dominant Pole 
Algorithm [20], a one-eigenvalue-at-a-time method that computes the dominant poles of scalar transfer 
functions. Every iteration of the MDP algorithm involves two eigensolutions by the power method, as described 
in the box below. 
 

The MDP Algorithm 
1. Let k = 1, k being the iteration counter for the Rayleigh type algorithm at the outer loop. Given an m x m transfer 

function G(s) = C ⋅ ( sI – A )−1 ⋅ B , provide the initial eigenvalue estimate s 1  (also known as initial shift) and the 
randomly generated complex vectors u (s 0 )  and y (s 0 ) . 
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2. Compute G (s k) . The symbols i and j denote the iteration counters for the two eigenvalue power methods (Inner 
Loops). Using the inner-loop eigenvectors u (s k − 1 )  and y (s k − 1 )  from the previous outer-loop iteration (or the random 
vectors u (s 0 ) ,  y (s 0 )  associated with the initial shift s 1 ) as initial values, iterate the two eigenvalue power methods 
until convergence: 

)()1( 1−= ksuu  

for i = 1, 2, ... 
)()()1( isi k uGz ⋅=+  

 )1( 
)1(

)1(
+
+

=+
i
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i
z
z

u  

end 

)()1( 1−= ksyy  
for j = 1, 2, ... 

)()()1( jsj k
T yGw ⋅=+  

 )1( 
)1(

)1(
+
+

=+
j
j

j
w
w

y  

end 

 These two power methods converge in about the same number of iterations, when the changes in the vectors u and y 
become smaller than the inner-loop tolerance. The maximum number of power iterations should be set to about 40 at the 
first outer-loop iteration (k = 1), where the vectors u and y are given initial random values, but reduces to one or two 
iterations as the MDP algorithm approaches convergence. The two power methods will converge to the same eigenvalue 
of G (s k)  (λ max(s k) , which has the largest modulus), but to different eigenvectors (at the inner-loop convergence, 

u ( i+1)  and y ( j +1)  become u (s k)  and y (s k) .  The eigenvalue λ max(s k)  is of no direct interest to the computation 
and tends to infinity as the MDP algorithm approaches convergence. 

 The inner-loop eigenvectors u (s k)  and y (s k)  provide the directions that yield large norms for G (s k) ⋅ u (s k)  and 
G T (s k) ⋅ y (s k) . These norms become the largest possible norms in the neighborhood of a pole of G(s) (see Section II). 
This is so because these inner-loop eigenvectors tend to the right and left singular vectors associated with σ max of 
G (s k) , in the neighborhood of a pole [41]. 

3. Use the converged inner-loop eigenvectors u (s k)  and y (s k)  to generate the associated right and left eigenvector 
estimates of the state matrix A. To this end, solve for x (s k)  and v (s k)  using the matrix equations: 
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4. Compute the Rayleigh quotient for unsymmetric matrices [11] and use it as the next eigenvalue estimate s k + 1 : 

 
)()(

)()(
1
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T

k ss
ss

s
xv

xAv
⋅

⋅⋅
=+  

 An eigenvalue deflation algorithm may be effectively employed at this step, prior to the Rayleigh quotient update (see 
comment further down in this section). 

5. If the Euclidean norm of the mismatch vector (A ⋅ x (s k)  −  s k + 1  ⋅ x (s k) )  is greater than the outer-loop convergence 
tolerance, increase the iteration counter ( k = k + 1 ) and return to step 2. Otherwise the algorithm has converged to an 
eigenvalue which is a dominant pole in G(s), and also to the associated left and right eigenvectors of the matrix A. The 
estimates (s k + 1 , x (s k) , v (s k) ) become the eigentriplet (λ i , x i  , v i ), for 1 ≤ i ≤ n, at the convergence of the MDP 
algorithm. 

 

The following comments help further explain the MDP algorithm: 
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• The initial shift s k  is user-specified. The full set of dominant poles of a generic G(s) may however not be 
found by the MDP unless enough good quality shifts are provided. The inspection of the Sigma plots of G(s) 
may help providing good initial shifts (see Section VI). 

• An eigenvalue deflation scheme for non-symmetric matrices may be employed at Step 4. This should be 
carried out prior to the Rayleigh Quotient update, enabling the MDP algorithm to more easily converge to 
the full set of dominant poles of G(s). A description on a deflation algorithm for non-symmetric power 
system matrices can be found in [35]. 

• The MDP algorithm utilizes the concept of system duality [1] in stages 2 and 3 to find the estimates for both 
left and right eigenvectors of A. Note that the transpose transfer function GT(s) = BT ⋅ ( sI – AT )−1 ⋅ CT has 
the same poles and zeros as G(s). Matrix AT is the state matrix of the dual system, and BT and CT its output 
and input matrices. 

• There are no gains in performing the inner loop power iterations until convergence. Adopting a fixed 
number of power iterations (such as 10) at the first two outer-loop iterations (k = 1 and k = 2) is enough to 
ensure convergence to the dominant poles that are nearest to the given initial shift. Only one power iteration 
should be carried out at the remaining outer-loop iterations. Though not shown in the paper, the MDP 
algorithm (with only one inner-loop power iteration) is actually a neat computer implementation of the 
Newton method applied to the matrix eigenvalue problem: [G(s)] − 1 ⋅ u (s )  =  0 .  The inner-loop power 
iterations are needed to improve the orientation of vectors u (s 1 )  and y (s 1 ) , once the initial shift s 1  is 
specified. These power iterations can therefore be seen as a good initialization process for the Newton 
method.  

• The MDP algorithm automatically reduces to the Dominant Pole Algorithm [20] when applied to scalar 
transfer functions. The two eigenvalue power methods (inner loops) are not needed in this case, reducing the 
Step 2 of the MDP algorithm to the computation of the scalar g(s k) . Note that the Dominant Pole Algorithm 
was shown in [42] to be a neat computer implementation of the Newton method applied to the scalar 
equation: g(s ) − 1  =  0 .  

 
XIX.2 Model Approximations To G(s) 
 
An m x m transfer function G(s) of a n-th order system, having a complete set of eigenvectors, can be expressed 
as: 

∑
= −

=
n

i i

i

s
s

1  
)(

λ
RG                                (2) 

The above expression is referred to as the dyadic expansion of G(s) [43], involving a sum of m x m residue 
matrices over a first-order pole [1], [43]. The symbol R i  denotes the residue matrix for G(s) at the pole λ i ; it 
may be computed once the eigentriplet (λ i , x i  , v i ) has been obtained: 

ii xCu ⋅=)(λ                                 (3) 

ii vBy ⋅=)(λ                                 (4) 
T

iii )()( λλ yuR ⋅=                            (5) 

Note the inner-loop eigenvectors u (s k)  and y (s k)  described in step 2 of the MDP algorithm become u (λ i )  and 
y (λ i )  at convergence. G(s) may be approximated by the sum of only the p terms, p << n, that have residue 
matrix norms ║R i║ above some given tolerance. This truncated sum of p terms contains only those poles that 
determine the effective transfer function behavior. 
 
The Sigma plot of the reduced-order model 
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Should be evaluated over a sufficiently large number of ‘ω’ values within the dynamic range of G(s). Note that 
the order of the reduced model is p = 2nc + nr, where nc is the number of complex-conjugate eigenvalue pairs 
and nr the number of real eigenvalues retained in the model. 
 
Comparing the Sigma plots obtained for the complete and the reduced-order transfer functions may assess the 
quality of the model approximation. A residue matrix, R i  , being the product of a column vector and a row 
vector, is of unity rank. The sum of m residue matrices associated with different system poles yields a matrix of 
rank m [44]. Therefore, at least m poles must be retained in the reduced-order model of a m x m transfer 
function in order to produce a nonzero σ min(ω )  plot. 
 
XIX.3 Description Of Test System 
 
The test system analised was the North-South Brazilian interconnection, having about 60,000 MW of 
generating capacity [44], [45]. The system model has 2,370 buses, 3,401 lines, 2,519 voltage dependent loads 
(active and reactive loads separately accounted), 123 synchronous machines, 122 excitation systems, 46 power 
system stabilizers, 99 speed-governors, 4 static var compensators, 2 TCSCs and 1 HVDC link. These equipment 
were detailed modeled, yielding a system Jacobian matrix with 13,062 lines and 48,501 nonzero elements. The 
system has a total of 1,676 state variables and information on the damping control of its interarea modes may be 
found in [44], [45]. 
 
Fig. 1 pictures the eigenvalue spectrum for this 1,676-state system, obtained by the QR routine from the 
EISPACK library [17]. The full eigensolution was obtained for the sake of illustration, and is not needed in the 
study described in this paper. The multivariable transfer function G(s) analyzed in this paper has eight inputs 
and eight outputs, as shown in Fig. 2. The inputs are the mechanical power changes (∆Pref ) in eight power 
plants located at the northeastern region of the system. The outputs are the rotor speed changes (∆Ω ) at the 
same power plants. The four-digit superscripts, such as 5015, are the generator bus identification numbers. 
There is a large cluster of electromechanical eigenvalues in the 6 to 10 rad/s range, with damping ratios between 
5 and 20% (see Fig. 1). Existing subspace iteration and Krylov subspace algorithms [21] are not suitable for 
computing the dominant spectrum of G(s). 

-15

-10

-5

0

5

10

15

-10 -5 0
1 / second  

Fig. 1. Eigenvalue Spectrum of Brazilian Interconnected System. 

G(s)

5015∆Ω
5016∆Ω
5022∆Ω
6294∆Ω
5061∆Ω
5051∆Ω
5054∆Ω
5030∆Ω

5015Pref∆
5016Pref∆
5022Pref∆
6294Pref∆
5061Pref∆
5051Pref∆
5054Pref∆
5030Pref∆

 
Fig. 2. Multivariable (8 x 8) Transfer Function. 
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XIX.4 Results 
 
This section describes the results obtained with the MDP algorithm when solving for the dominant poles of the 
high-order (1,676 state variables) 8 x 8 transfer function matrix. The computation times provided in this paper 
refer to a personal computer with a 800 MHz, Pentium III processor with 128 MB of RAM. The convergence 
tolerance for the outer loop iterations was set at 1.0e–10. 
 
The torque-speed dynamics of practical power systems is confined to the 0.5 to 15 rad/s frequency range.  
Thirty equidistant initial shifts were therefore given within this frequency range and along the 15% damping 
ratio line. Their real and imaginary parts were (–0.0759, –0.1517, ... , –2.2757) and (0.5j, 1j, ... , 15j) 
respectively. The MDP algorithm produced 8 different eigenvalues (shown in Table 1) plus another 22 repeated 
eigensolutions (not shown). 
 
This section depicts Sigma plots of G(s) for different damping ratios (ξ = 0, ξ = 15%) and model 
approximations (16th-order, 20th-order and 41st-order). The plots for both the full model of G(s) and the 
reduced-order models are superimposed (there are, therefore, 4 curves per figure). 
 
Fig. 3 compares the Sigma plots of the complete G(s) model (1,676 poles) and the 16th-order G(s) model having 
the poles shown in Table 1. Note that these plots do not show resonant peaks for frequencies close to most of 
the poles listed in Table 1, which have damping ratios of 15% and higher. These resonant peaks are however 
quite evident in the Sigma plots of Fig. 4, obtained by using complex frequencies with damping ratio of 15%. 
Note in Fig. 4 that the 16th-order model for G(s) yields a σ max plot that roughly matches the σ max plot (ξ = 15%) 
for the full model. Is is easily seen that two resonant peaks are missing in the σ max(ω )  plot (ξ = 15%) of the 
16th-order model around the complex frequencies  
ω 1 = –0.5462 +3.60j and ω 2 = –1.4110 +9.30j respectively. Table 2 shows the poles obtained by the MDP 
algorithm, when using ω 1 and ω 2 as initial shifts. Fig. 5 shows the improved matching of the Sigma plots 
obtained when incorporating these two additional complex pair of poles. The reduced model is now of 20th-
order, and apart from capturing the two resonant peaks that were missing in Fig. 4 it yields a smaller 
discrepancy in the σ min(ω )  plot for ξ = 15%. 

 
One may reason that the shape of the σ min(ω )  plot is mainly determined by the location of the dominant zeros 
of G(s). The zeros of the 20th-order model are therefore not sufficiently close to the dominant zeros of G(s) for 
the full model. A higher-order reduced model (with additional poles) must then be used so as to reduce this 
discrepancy in the zeros. The authors do not yet have clear hints on how to choose the initial shifts for finding 
the other needed poles in applications involving large-scale systems. 
 
Fig. 6 shows the Sigma plots (ξ = 15%) for a 41st-order model of G(s), where another 21 poles (see Table 3) 
were added to the previous 20 in order to improve the matching of the σ min(ω )  plot. Note in Fig. 6 that even 
with a relatively high number of retained poles, the 41st-order model does not show a good matching of the 
σ max(ω )  plot, for frequencies above 10 rad/s. 

 
The MDP algorithm has always converged in the numerous tests performed by the authors. Initial shifts of large 
moduli such as 105, 108, 105j and 108j yielded convergence to dominant poles of G(s) in 15, 13, 12 and 13 
iterations respectively. The MDP algorithm has therefore global convergence characteristics. The term ‘globally 
convergent’ is used here to mean ‘convergent to a solution from any start point’, if a solution exists [21]. 
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Table 1. Dominant Poles of G(s) Obtained from Set of Equidistant Initial Shifts (repeated solutions not 
shown). 

Results for the MDP Algorithm 
Initial Shift s Converged Eigenvalues 
–0.0759 +0.5j –0.1158 +0.2445j (12) 
–0.1517 +1.0j –0.3179 +1.0437j (6) 
–0.4551 +3.0j –0.5199 +2.8814j (6) 
–0.9103 +6.0j –1.2098 +8.1765j (7) 
–1.2137 +8.0j –1.1129 +8.0075j (4) 
–1.2896 +8.5j –1.2902 +8.5407j (6) 
–1.3654 +9.0j –1.4778 +8.2550j (6) 

–2.2757 +15.0j –2.8323 +10.3949j (6) 

Note: The number of iterations required for a convergence tolerance of  1.0e–10 are given within parenthesis in tables 1 e 2. 

Table 2. Dominant Poles of G(s) Obtained from Shifts whose Location were Inferred from the Visual 
Inspection of Fig. 4. 

Results for the MDP Algorithm 
Initial Shift s Converged Eigenvalues 

–0.5462 +3.60j –0.5668 +3.6139j (6) 
–1.4110 +9.30j –1.6060 +9.3092j (5) 

Table 3. Other Dominant Poles of G(s) Used in the 41st-Order Model 
Additional Eigenvalues Obtained by the MDP Algorithm 

–1.8959 –9.3974 
–1.9784 –9.4719 

–0.7168 +0.1238j –10.492 
–0.3464 +0.5796j –11.197 
–1.0537 +0.8877j –11.208 
–0.9113 +7.6649j –2.0088 +0.0418j 
–2.9960 +9.3897j –0.9113 +7.6649j 

 

The CPU time taken to converge to one dominant pole of G(s) is about 2.7 seconds, assuming an average 
number of 7 iterations per pole. The Sigma plot of the 8 x 8 G(s) transfer function, (0.1 ≤ ω ≤ 15, ∆ω = 0.1 
rad/s) is obtained in 20 seconds. The total CPU time required to obtain the 16th-order model (plus residues) and 
obtain the Sigma plots shown in Fig. 5 is therefore about 110 seconds. After a few minutes of analysis, focused 
on Fig. 4, and a few more seconds of computation the 20th-order model may be produced. Obtaining a minimum 
set of additional poles (such as those shown in Table 3), to refine the reduced order model, required however 
several hours of careful analysis and computer-aided work by the authors. Further work is therefore needed 
regarding reduced model refinement based on the method described in this paper. 
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Fig. 3. Sigma-plot for 8 x 8 G(s), ξ  = 0 (reduced model has order 16). 
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Fig. 4. Sigma-plot for 8 x 8 G(s), ξ  = 15% (reduced model has order 16). 
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Fig. 5. Sigma-plot for 8 x 8 G(s), ξ  = 15% (reduced model has order 20). 
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Fig. 6. Sigma-plot for 8 x 8 G(s), ξ  = 15% (reduced model has order 41). 

The reduced models for the 64 scalar transfer functions that constitute the 8 x 8 matrix G(s) must yield time and 
frequency responses that match those of the full model. The step response for a reduced-order, scalar transfer 
function model may be analytically computed, as described in [30]. A numerical integration algorithm may 
compute the step response for the scalar transfer function associated with the full model. The step responses for 
twelve of the 64 scalar transfer functions are depicted in Fig. 7. Note that the 41st-order model of the scalar 
transfer function g11(s) matches rather nicely the response of the 1,676th-order model. The same could not 
however be said about the g33(s) and a few other scalar transfer functions, where significant discrepancies exist 
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in the steady-state values. Note however, that the major system oscillations are all captured by the reduced-
models of the twelve transfer functions. 
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Fig. 7. Step responses for gij(s) scalar transfer functions for the full model and the 41st-order model. 

Note: The vertical axes in the 12 plots are given in radians/s and the horizontal axes in seconds. 

 
XIX.5 Conclusions 
 
This paper’s description of the MDP algorithm should be adequate for computer implementation by an 
experienced programmer. The results obtained confirmed the algorithm effectiveness in dealing with 
multivariable transfer functions of large-scale power system models. Convergence is achieved in a reduced 
number of iterations (usually below 10). The MDP algorithm shows quadratic convergence in the neighborhood 
of the solution, is numerically stable, globally convergent and computationally efficient. The MDP is a full 
Newton algorithm with a very good initialization process and a simple computer implementation. 
 
An eigenvalue deflation scheme was effectively employed to avoid repeated convergence to dominant poles that 
had previously been found [35], [46]. It was used to find the eigenvalues of Table 3 and will be reported in a 
later publication. 
 
The MDP algorithm allows obtaining reduced-order models for multivariable transfer functions of large-scale 
systems. The reduced-order models of the 8 x 8 G(s) described in the paper were validated through time and 
frequency response tests. Utilizing Sigma plots to validate reduced-order models was found to be both neat and 
effective. Sigma plots alone do not however provide sufficient information for reduced-order model refinement. 
 
The use of the concept of transfer function dominance has proved valuable to power system eigenanalysis [5], 
[20], [47], [30]. It is believed that several other areas of engineering will eventually be using the same concept 
and improving on the algorithms. Model reduction of large linear system models [30], selective eigenanalysis 
[48] and root locus plots [47] are some of the current applications of these algorithms. 
 
 
XX. S-MATRIX, CAYLEY AND OTHER SPECTRAL TRANSFORMS [31,34,35,36] (to be written) 
 
XXI. PARTIAL POLE LOCATION (to be written) 
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